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1 In this exercise you will show that the torus partition function of the string

A0) ∼
∫
F

d2τ

(Imτ)2

(√
Imτ |η(q)|2

)−24
, (1.1)

is modular invariant.

(a) Show that the measure
d2τ

(Imτ)2 , (1.2)

is invariant under fractional linear transformations

τ → aτ + b

cτ + d
. (1.3)

(b) The Dedekind η-function satisfies

η(τ + 1) = e2πi/24η(τ) , η(−1

τ
) =
√
−i τ η(τ) . (1.4)

Use this to show that the combination

Imτ |η(τ)|4 (1.5)

is invariant under S and T transformations

T : τ → τ + 1 , S : τ → −1

τ
. (1.6)

2 The action of a string coupled to the background fields G and B is given by

S =
1

4πα′

∫
Σ
d2σ
√
g
(
gαβ∂αX

µ∂βX
νGµν(X) + iεαβ∂αX

µ∂βX
νBµν(X)

)
. (2.1)

Show that the action (2.1) is invariant under spacetime diffeomorphisms and B-field gauge
transformations

Bµν → Bµν + ∂µCν − ∂νCµ . (2.2)

3 (a) Show that the combination

Hµνρ = ∂µBνρ + ∂ρBµν + ∂νBρµ , (3.1)

is invariant under the B-field gauge transformations

Bµν → Bµν + ∂µCν − ∂νCµ . (3.2)

1 of 2



Introduction to String Theory Humboldt-Universität zu Berlin
Exercise Sheet 12 – 1st February 2021 Dr. Emanuel Malek

(b) Let the string worldsheet, Σ, be the boundary of a 3-manifold, M3, i.e. Σ = ∂M3. Show
that the string action (2.1) can be written as

S =
1

4πα′

∫
Σ
d2σ
√
ggαβ∂αX

µ∂βX
νGµν(X)

+
i

12πα′

∫
M3

d3σ̂ ηα̂β̂γ̂∂α̂X
µ∂β̂X

ν∂γ̂X
ρHµνρ(X) ,

(3.3)

where σ̂α̂ are local coordinates on M3 and ηα̂β̂γ̂ is the totally antisymmetric 3-dimensional
Levi-Civita tensor density with η123 = 1.

4 Consider the action

S =
1

2κ2
0

∫
d26X

√
−Ge−2Φ

(
R− 1

12
HµνρH

µνρ + 4∂µΦ∂µΦ

)
. (4.1)

Show that its equations of motion for G, B and Φ are given by

0 = Rµν + 2∇µ∇νΦ− 1

4
HµρλHν

ρλ ,

0 = −1

2
∇ρHµνρ +Hµνρ∇ρΦ ,

0 = −1

2
∇2Φ +∇µΦ∇µΦ− 1

24
HµνρH

µνρ .

(4.2)
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